Supersymmetric gauge theories, in higher dimensions compactified in an orbifold, give a natural framework to unify the gauge bosons, Higgs fields and even the matter fields in a single multiplet of the unifying gauge symmetry. The extra dimensions and the supersymmetry are the two key ingredients for such an unification. In this work, we investigate various scenarios for the unification of the three gauge couplings, and the Yukawa couplings in the Minimal Supersymmetric Standard Model (MSSM), as well as the trilinear Higgs couplings λ and κ of the Non-Minimal Supersymmetric Standard Model (NMSSM). We present an SU(8) model in six dimensions with N = 2 supersymmetry, compactified in a T 2 /Z 6 orbifold which unifies the three gauge couplings with λ and κ of NMSSM. Then, we present an SU(9) model in 6D, which, in addition, includes partial unification of Yukawa couplings, either for the up-type (top quark and Dirac tau-neutrino) or down-type (bottom quark and tau lepton). We also study the phenomenological implications of these various unification scenarios using the appropriate renormalization group equations, and show that such unification works very well with the measured low energy values of the couplings. The predicted upper bounds for the lightest neutral Higgs boson mass in our model is higher than those in MSSM, but lower that those in the general NMSSM (where the couplings λ and κ are arbitrary). Some of the predictions of our models can be tested in the upcoming Large Hadron Collider. 1 problem is supersymmetry. In supersymmetric theories, each particle has a superpartner which differs in spin by 1/2 and is related to the original particle by a supersymmetry transformation.
Introduction
The Standard Model (SM) is well established to describe the physics below the weak scale.
The key ingredient of the electroweak theory is the Higgs mechanism, in which the electroweak gauge symmetry, SU(2) L × U(1) Y , is spontaneously broken down to the electromagnetic gauge symmetry, U(1) EM , by the vacuum expectation values (VEVs) of Higgs doublets. The VEVs of Higgs doublets not only do make the W and Z bosons massive, but also give masses to the quarks and leptons through Yukawa couplings. Although the Higgs bosons have not been observed yet, it is expected that there is rich physics in the Higgs sector which will be tested at the upcoming colliders. The elementary particles, which we have already observed, are the SM fermions and gauge bosons, while the Higgs particles are scalar fields. The radiative corrections to the Higgs boson (or scalars in general) masses are quadratically dependent on the UV cutoff scale Λ, and are not protected by chiral or gauge symmetries. Thus, the natural Higgs masses are of order Λ rather than the weak scale, leading to the gauge hierarchy problem because Λ should be around the Planck or string scale. It is expected that there exists new physics around a TeV scale from naturalness of the Higgs masses. A well-known solution to the gauge hierarchy Depending on the bulk gauge group and the hypercharge assignments, the up-type (top quark and tau-neutrino Dirac) Yukawa couplings or the down-type (bottom quark and tau) Yukawa couplings are unified with the gauge couplings. Especially, the unification of the gauge, Higgs trilinear and top Yukawa couplings is an interesting possibility since it can explain why the top quark is the heaviest fermion (for the small tan β case). We also study the numerical predictions of the couplings at low energy. We will show that the prediction of the Yukawa coupling unification is in good agreement with experiments, in particular, the top quark mass prediction is an important result of the gauge-Higgs-Yukawa coupling unification at the compactification scale.
This paper is organized as follows: In Section 2, we study what bulk gauge symmetries realizing the gauge-Higgs unification with gauge and Yukawa coupling unification. The NMSSM superpotential can be generated from the bulk gauge interaction when the appropriate bulk gauge symmetries are considered. In Sections 3 and 4, we will construct 6D SU (8) and SU (9) supersymmetric models on T 2 /Z 6 orbifold. In Section 5, we propose 7-dimensional (7D) SU (9) models on T 2 /Z 6 × S 1 /Z 2 orbifold. In Section 6, we present the numerical results of the gauge, Yukawa and/or Higgs trilinear coupling unifications. Section 7 contains our discussions and conclusions. In Appendix A, we study the gauge-Higgs unification in 6D supersymmetric models on T 2 /Z 6 orbifold.
Choice of Bulk Gauge Symmetry
The N = 1 supersymmetry in 5D corresponds to N = 2 supersymmetry in 4D, and the Higgs fields can be contained in N = 2 gauge multiplet [7, 11] . Matter fields are contained in the hypermultiplets. On the other hand, N = (1, 1) supersymmetry in 6D corresponds to N = 4 supersymmetry in 4D, and thus the models are restricted since only the gauge multiplet can be introduced in the bulk. In terms of 4D N = 1 supersymmetry language, the 6D gauge multiplet contains vector multiplet V (A µ , λ) and three chiral multiplet, Σ i (i = 1, 2, 3), in adjoint representation of gauge group. In a sense, the 5D hypermultiplets in the adjoint representation can also belong to gauge multiplet, and thus one can consider that the matter representation also belong to the bulk gauge multiplets [13] .
In this Section, we will study what bulk gauge symmetry can realize the gauge-Higgs unification with various coupling unifications.
Gauge-Higgs Unification and Yukawa Couplings
The minimal choice of bulk gauge symmetry to realize the gauge-Higgs unification is SU(3) W [11, 20] . The bulk symmetry is broken as SU(3) W → SU(2) L × U(1) Y , and the Higgs doublets (H u and H d ) are included in the gauge multiplet, 8 = 3 0 + 2 1/2 + 2 −1/2 + 1 0 . The hypercharge generator is T Y = diag (1, 1, −2)/6, and thus the predicted weak mixing angle at compactification scale is sin 2 θ W = 3/4, which is too large for usual minimal unification pictures through RGEs. One needs to add extra fields to change the RGE evolution or to consider that the brane localized gauge couplings give the dominant contributions to the 4D gauge couplings rather than the bulk gauge coupling.
In order to realize the proper weak mixing angle in the minimal unification scenario, sin 2 θ W = 3/8, we should consider SU(4) W bulk gauge symmetry rather than SU(3) W . The
and it is easy to see that the Higgs bidoublets are included in the bulk gauge multiplet. Thus, considering SU(3) c × U(1) B−L × SU(4) W bulk symmetry, we can obtain the proper weak mixing angle [12, 21] . For this, the leftright symmetric base (or Pati-Salam base [22] ) is useful because the Higgs bidoublets are not charged under the U(1) B−L . One can also realize the same quantum number assignment in SO(5) W (≃ Sp(4) W ) as a minimal choice: SO(5) adjoint 10 = (3, 1) + (1, 3) + (2, 2) under SO(5) W → SU(2) L × SU(2) R . Of course, in such product bulk gauge symmetries, the B − L charge normalization is arbitrary and thus the weak mixing angle is not completely determined.
( 2.2)
The two subscripts in each decomposed element stand for the hypercharges and U(1) ′ charges, respectively. The generators for the U(1) Y and U(1) ′ are T Y = diag (1, 1, −1, −1)/4 and T ′ = diag (0, 0, 1, −1)/2, respectively. In this case we can have λH u H d S interaction as part of the bulk trilinear gauge interaction. The SM singlet field S has U(1) ′ charge. At the compactification scale we can have g 2 = λ where g 2 is SU(2) L gauge coupling. However, the weak mixing angle at the compactification scale is predicted to be sin 2 θ W = 2/3, which is too large to consider the RGE evolution with the MSSM particle content. Actually, the hypercharge assignment is incompatible with left-right symmetric basis as we have seen previously while the U(1) ′ was the proper charge assignment to obtain the left-right symmetric basis.
Employing SU(5) W bulk symmetry, we can obtain the NMSSM gauge-Higgs unification with proper hypercharge normalization. The SU(5) adjoint representation 24 is decomposed
where the diagonal entries, 1 triplet and 3 singlets corresponds to the unbroken generators of SU (5) . The subscripts Qij, which are anti-symmetric (Qij = −Qji) and Qii ≡ Q00 = 0, stand for the U(1) charges. One can calculate Qij by the definition 4) where T is the corresponding U(1) generator. We define the hypercharge generator as T Y = diag (1/2, 1/2, 0, 0, −1) + α (1, 1, 1, 1, −4) . And the adjoint trilinear coupling includes SH u H d as Tr
We identify Σ 1 (1 Q23 ), Σ 3 (2 Q12 ) and Σ 2 (2 Q31 ) as S, H u and H d , respectively. The weak mixing angle at the compactification scale is given as sin 2 θ W = 1/(4 + 20α + 40α 2 ), where α is a free parameter in the model. The value of the weak mixing angle is not predicted in this model, but it can be consistent with its measured value. Similar model can be constructed by using SO (7) W , whose dimension is less then SU(5) W .
Under the decomposition SO (7) → SO(5) × U(1) ′ , 21 = 10 0 + 5 1 + 5 −1 + 1 0 , and under SO(5) → SU(2) L × SU(2) R , 10 = (3, 1) + (1, 3) + (2, 2), 5 = (2, 2) + (1, 1) . Thus the adjoint
In this case, the left-right symmetry is simply embedded, and thus the weak mixing angle can be sin 2 θ W = 3/8 more naturally.
One can see from Eq. (2.3) that the SU(5) W adjoint includes SU(2) L singlets and thus the adjoint trilinear term can include the singlet trilinear coupling κSS 1 S 2 as a zero mode interaction. In this case, the NMSSM superpotential, We note that there are five SM neutral complex scalar fields and three phase symmetries in the renormalizable superpotential in Eq. (2.6). One of these is related to the U(1) Y , and the other two combinations are unwanted global symmetries, which implies that there are two massless Goldstone bosons after electroweak symmetry breaking. To avoid the problem, we assume that there are non-renormalizable couplings involving S, S 1 and S 2 , such that the couplings break extra U(1) symmetries having in the superpotential. Giving a suitable choice of charge assignment for the singlet fields, we can generate non-renormalizable couplings or tiny mass term for S, S 1 and S 2 fields. In that way, we can make the model not having the massless Goldstone bosons in the spectrum, and the model does not have neither domain wall problem [23] nor tadpole corrections.
We also note that the renormalizable superpotential, Eq. (2.6), is different from the one in the Next to the MSSM [18] . The singlet trilinear coupling is not a self-cubic coupling contrary to the Next to the MSSM. However, as long as the orbifold model is concerned, it is more natural to have the coupling, κSS 1 S 2 , if the renormalizable coupling needed in the Higgs superpotential is included in the bulk interaction. As we have seen the construction, the κ coupling is not necessarily unified in the bulk interaction depending on the bulk gauge symmetry. If the singlet trilinear coupling is not in the bulk interaction, one can assume that the brane-localized interactions include the S 3 term having in the Next to the MSSM. In any case, it is flexible to construct such types of Non-Minimal Supersymmetric Standard Models.
In the same way as before, when the grand unified bulk gauge symmetry is considered, the Yukawa couplings for the SM fermions can also be unified with the gauge couplings in addition to the NMSSM couplings. One can consider the SU(8) and SU(9) bulk gauge symmetry as grand unified groups (instead of SU(5) W and SU(6) W for the electroweak sector). The SU ( (8) is considered, some of the Yukawa coupling for fermions and the λ coupling in the NMSSM can be unified with the gauge couplings. In the case of SU(9), the gauge couplings, Higgs trilinear couplings and the up-type or down-type Yukawa couplings for the SM fermions can be unified.
We will construct the concrete models in the next three Sections, realizing various possibilities.
The SU (8) Models
To break the SU(8) gauge symmetry, we choose the following 8 × 8 matrix representation for R, R = diag (ω n 1 , ω n 1 , ω n 1 , ω n 2 , ω n 2 , ω n 3 , ω n 4 , ω n 5 ) ,
where n i = n j (i = j). Then, SU(8) is broken as
Without loss of generality, we can take n 1 = 0. We define the generators for
3)
4)
T 2 = diag 0, 0, 0, 0, 0,
5)
where the (1, 1) Q00 in the third, fourth and fifth diagonal entries of the matrix, and the last term (1, 1) Q00 denote the gauge fields for the
try. The subscripts Qij, which are anti-symmetric (Qij = −Qji), are the charges under the U(1) Y ×U(1) 1 ×U(1) 2 ×U(1) 3 gauge symmetry, which can be easily calculated by the respective definitions of the U(1) generators,
The Z 6 transformation property for the decomposed components of V , Σ 1 , Σ 2 , and Σ 3 are given in the notation in Appendix A,
: ω n i −n j +2+m .
(3.12) Table 1 : The zero modes of the chiral multiplets Σ 1 , Σ 2 and Σ 3 in the 6D orbifold SU(8) model.
Chiral Fields Zero Modes
We can have several models which are quite similar. So, for simplicity, we only present one model which needs less 3-brane localized exotic quarks. These 3-brane localized exotic quarks and some extra particles from the zero modes of the chiral multiplets Σ i are vector-like under the SM gauge symmetry and can obtain the vector-like masses after the extra U(1) 1 ×U(1) 2 ×U(1) 3 gauge symmetry is broken at the GUT scale.
In our model, we choose m = 1, and
The corresponding zero modes from the chiral multiplets Σ 1 , Σ 2 and Σ 3 are given in the Table  1 .
From the 6D bulk interaction in Eq. (2.1), we obtain the Yukawa terms
where g 6 is the 6D bulk gauge coupling.
Because the U(1) 1 × U(1) 2 × U(1) 3 gauge symmetry can be broken at the GUT scale, the exotic quarks Q X , D X , D δ , D δ , and the doublets H ′ u and H ′ d can become heavy after these extra U(1) gauge symmetry breakings. To achieve this, on the 3-brane at the Z 6 fixed point, for example, z = 0, we introduce two exotic quarks Q ′ X and D ′ δ with respectively quantum numbers (3, 2) (5/6,0,−1,0) and (3, 1) 
We also introduce a SM singlet Higgs field S 2 which has the same quantum number as that of S 2 and is localized on the 3-brane at z = 0. After S 2 gets VEV, the exotic quarks and the doublets H ′ u and H ′ d can obtain the vector-like masses through the following 3-brane localized superpotential
Similarly, S ′ 1 can also become heavy, but, we require that it do not get a VEV due to the superpotential S ′ 1 H ′ u H d . Furthermore, we would like to point out that if we consider D δ as the right-handed downtype quark in the supersymmetric SM, we do not need to introduce the exotic quark D ′ δ on the 3-brane at z = 0. However, Q X can not be considered as the quark doublet because its hypercharge is −5/6.
After the U(1) 1 × U(1) 2 × U(1) 3 gauge symmetry is broken, we can have the relevant
Integrating out the extra dimensions, we obtain the NMSSM superpotential in Eq. (2.6) .
For simplicity, we assume that the compactification scale is the GUT scale and we neglect the brane-localized gauge kinetic terms which can be suppressed by large volume of the extra dimensions. The weak mixing angle is calculated to be sin 2 θ W = 3/8, as long as we use the definition of hypercharge generator in Eq. (3.3) . The λ and κ couplings in the superpotential can be unified with the gauge couplings at the compactification scale, 17) where V is the volume of extra dimensions. The hypercharge gauge coupling is normalized as g 1 = 5/3 g Y . However, the hypercharge normalization cannot be determined completely as long as only Higgs fields are in the bulk. In fact, T Y + αT 1 can be a hypercharge generator, where α is a free parameter. In order to determine the hypercharge normalization completely, quarks and/or leptons are needed to be from the bulk gauge multiplet. For example, if we identify D δ as the right-handed down-type quark field, α is determined to be zero, and the charge quantization is fixed.
We have assumed that the hypercharge generator is SU (5)-type unification as in Eq. (3.3) . In this assignment, no Yukawa coupling for quark/lepton is included in the bulk interaction.
Suppose that the hypercharge generator is redefined as
then, the hypercharges of the zero modes in the chiral multiplets can change. We list the zero modes in chiral multiplets in Table 2 with an appropriate notation to see their hypercharges.
This hypercharge generator can be identified as the Pati-Salam hypercharge assignment embedded in SU (8) . Then, we find that the 6D bulk interaction in Eq. (3.14) includes the top, tau and tau Dirac-neutrino Yukawa couplings, 
The Dirac-neutrino Yukawa coupling can be considered as λSH u H d coupling, but the singlet trilinear term is not included since the S 1 and S 2 have non-zero hypercharges in this case.
When we extend bulk gauge group, both the NMSSM superpotential and the quark/lepton Yukawa couplings can arise from the bulk gauge interaction. We will study the SU (9) bulk gauge symmetry in the next two Sections.
6D SU (9) Models
To break the SU(9) gauge symmetry, we choose the following 9 × 9 matrix representation for
where n i = n j (i = j). Without loss of generality, we choose n 1 = 0. Then, SU (9) is broken as
We define the generators for U(1) ′ × U(1) α × U(1) β × U(1) γ as following :
The SU(9) adjoint representation 80 is decomposed under the SU (4
where the (1, 1) Q00 in the third, fourth and fifth diagonal entries of the matrix, and the last term (1, 1) Q00 denote the gauge fields for the U(1)
Moreover, the subscripts Qij, which are anti-symmetric (Qij = −Qji), are the charges under 1, 9) , Q23 = (−1, 2, 0, 0) , (4.9) Q24 = (1, 2, 0, 0) , Q25 = (0, 1, −1, 9) , Q34 = (2, 0, 0, 0) , (4.10) 9) .
(4.11)
The Z 6 transformation property for the decomposed components of V , Σ 1 , Σ 2 , and Σ 3 are
given similarly as those in Eq. (3.12) . We can have several models which are quite similar. So, for simplicity, we only present one model with the up-type partial Yukawa unification, and one similar model with the down-type partial Yukawa unification. There are some extra particles from the zero modes of the chiral multiplets Σ i . To give them very heavy masses, we introduce 3-brane localized additional particles. These 3-brane localized additional particles and the extra particles from the zero modes of the chiral multiplets Σ i are vector-like under the SM gauge symmetry and can obtain the vector-like masses after the U(1) ′ gauge symmetry is broken at the GUT scale.
Up-Type Partial Unification
We define the generator for U(1) I 3R as
Then, Tr[T 2 I 3R ] = 1/2. We assume that the SU(4) × SU(2) L × U(1) I 3R gauge symmetry is broken down to the SM gauge symmetry at the compactification scale by the Higgs fields with quantum numbers Table 3 : The zero modes of the chiral multiplets Σ 1 , Σ 2 and Σ 3 in the 6D orbifold SU(9) model with up-type partial unification.
Chiral Fields
Zero Modes
(4, 1, −1/2) and (4, 1, 1/2) under the SU(4) ×SU(2) L ×U(1) I 3R gauge symmetry, i.e., the same quantum numbers as those of the right-handed neutrino and its Hermitian conjugate. Then, we obtain that sin 2 θ W = 3/8 at the unification scale. The U(1) B−L generator is embedded in SU (4) as
The hypercharge generator is T Y = T I 3R + 1 2 T B−L , and the normalization is determined as g Y = 3/5 g 1 .
For the transformation, Eq. (3.12) of the vector and the chiral multiplets, we choose m = 0 and n 2 = 5 , n 3 = 3 , n 4 = 4 , n 5 = 2 .
(4.14)
The zero modes from the chiral multiplets Σ 1 , Σ 2 and Σ 3 are given in the Table 3 . It is easy to check that for L 2 , L 3 , S, S ′ , S 1 , S ′ 1 and S 2 , the U(1) I 3R charges are zero; for H u , H ′ u and L X , the U(1) I 3R charges are 1/2; and for H d and R u 3 , the U(1) I 3R charges are −1/2. From the trilinear term in the 6D bulk action in Eq. (2.1), we obtain the Yukawa terms
The L 2 can be considered as the left-handed fermions in the second family in the SM.
Because the U(1) ′ gauge symmetry can be broken at the GUT scale, the extra particles H ′ u , L X , S ′ and S ′ 1 can become very heavy after it is broken. In addition, although we can not distinguish the fields (H u , H ′ u ), (S, S ′ ) and (S 1 , S ′ 1 ) by gauge symmetry, we can distinguish them via the R symmetry [24] . The R symmetry for the T 2 /Z 6 orbifold is SO(2) 56 × U(1) 4 + × U(1) 4 − . Under this R symmetry, the quantum numbers for z, θ, V , Σ 1 , Σ 2 , and Σ 3 are (1, 0, 0), (−1/2, −1/2, 0), (0, 0, 0), (−1, 0, 0), (0, −1/2, −1/2), and (0, −1/2, 1/2), respectively (For details, see Ref. [24] .). To give the masses to H ′ u and L X , on the 3-brane at the Z 6 fixed Table 4 : The zero modes of the chiral multiplets Σ 1 , Σ 2 and Σ 3 in the 6D orbifold SU(9) model with down-type partial unification.
Chiral Fields Zero Modes
point, for example, z = 0, we introduce three 3-brane localized fields S, H d and R X with respectively gauge quantum numbers (1, 1) (−1,0,0,0) , (1, 2) (0,−2,0,0) and (4, 1) (1,0,−1,−9) under the SU (4) 
We also assume that under the R symmetry, the quantum numbers for S, H d and R X are (0, −1/2, −1/2), (0, −1/2, 1/2), and (−1, 0, 0), respectively. After S gets VEV, the (H ′ u , H d ) and (L X , R X ) can obtain the vector-like masses through the following 3-brane localized superpotential
However, the term SH u H d is forbidden by the R symmetry. Similarly, S ′ and S ′ 1 can also become very heavy.
In short, after the U(1) ′ gauge symmetry is broken, we can have the relevant superpotential
giving rise to the unification of the gauge couplings with λ, κ and y t .
Down-Type Partial Unification
Similar to the above up-type partial unification model, we choose m = 0 and n i in Eq. (4.14) . The zero modes from the chiral multiplets Σ 1 , Σ 2 and Σ 3 are given in the Table 4 . It is easy to check that for L 2 , L 3 , S, S ′ , S 1 , S ′ 1 and S 2 , the U(1) I 3R charges are zero; for H u and R d 3 , the U(1) I 3R charges are 1/2; and for H d , H ′ d and L X , the U(1) I 3R charges are −1/2.
From the trilinear terms in the 6D bulk action, we obtain the Yukawa terms
Similar to the above up-type partial unification model, L 2 can be considered as the lefthanded fermions in the second family in the SM, and the extra particles H ′ d , L X , S ′ and S ′ 1 can become very heavy after the U(1) ′ gauge symmetry is broken at the GUT scale. Thus, after the U(1) ′ gauge symmetry is broken, we can have the relevant superpotential 20) giving rise to the unification of the gauge couplings with λ, κ and y b . As a remark, to break the SU(4) × SU(2) L × U(1) I 3R gauge symmetry down to the SM gauge symmetry by Higgs mechanism in our models, on the 3-brane at z = 0, we emphasize that we introduce the Higgs fields with the same quantum numbers as those of the right-handed neutrino and its Hermitian conjugate. Of course, if we did not specify the quantum numbers of the Higgs fields, we can not distinguish the up-type partial unification and down-type partial unification models.
7D SU (9) Models
In 6D SU(9) models on T 2 /Z 6 orbifold in previous Section, unwanted fields remain in the zero mode spectrum after the orbifold projection. When the models are constructed in 7D, the orbifold projection is more powerful, and the unwanted fields can be projected out.
We consider the 7D space-time M 4 × T 2 /Z 6 × S 1 /Z 2 . The coordinates are x µ (µ = 0, 1, 2, 3), x 5 , x 6 and x 7 . Because T 2 is homeomorphic to S 1 × S 1 , we assume that the radii for the circles along the x 5 , x 6 and x 7 directions are R 1 , R 2 , and R ′ , respectively. We define the complex coordinate z for T 2 and the real coordinate y for S 1 z ≡ 1 2
The T 2 /Z 6 orbifold is defined in the Appendix A, and the S 1 /Z 2 orbifold is obtained from S 1 by moduloing the equivalent class Γ S : y ∼ −y .
There are two fixed points: y = 0 and y = πR ′ .
The N = 1 supersymmetry in 7D has 16 supercharges and corresponds to the N = 4 supersymmetry in 4D, thus, only the gauge multiplet can be introduced in the bulk. This multiplet can be decomposed under the 4D N = 1 supersymmetry into a vector multiplet V and three chiral multiplets Σ 1 , Σ 2 , and Σ 3 in the adjoint representation, where the fifth and sixth components of the gauge field, A 5 and A 6 are contained in the lowest component of Σ 1 , and the seventh component of the gauge field A 7 is contained in the lowest component of Σ 2 .
For the bulk gauge group G, we write down the bulk action in the Wess-Zumino gauge and 4D N = 1 supersymmetry language [25] 
From above action, we obtain the transformations of vector multiplet
7)
V (x µ , z,z, −y) = P V (x µ , z,z, y)P −1 , (5.8) (5.11) where we introduce the non-trivial R and P to break the bulk gauge group.
To break the SU(9) gauge symmetry, we choose the following 9 × 9 matrix representations for R and P R = diag (+1, +1, +1, +1, ω n 1 , ω n 1 , ω n 1 , ω n 2 , ω n 2 ) , (5.12) P = diag (+1, +1, +1, +1, +1, +1, −1, −1, +1) , (5.13) where n 1 = n 2 = 0. Then, we obtain
14)
SU(9)/P = SU(7) × SU(2) × U (1) , (5.15 ) 
where the quotient G/H denotes the commutant of H in G. The generators for the U(1) ′ × U(1) α × U(1) β × U(1) γ gauge symmetry are defined in Eqs. (4.4)-(4.6).
The Z 6 × Z 2 transformation property for the decomposed components of V is V : 5.17) and the transformation properties for the chiral multiplets, Σ i , are also obtained from Eqs. (5.5)- (5.11) . The zero modes transform as (1, +) . Similar to the 6D up-type partial unification model, the generator for the U(1) I 3R gauge symmetry is defined in Eq. (4.12). We choose n 1 = 5 and n 2 = 4. The zero modes from the chiral multiplets Σ 1 , Σ 2 and Σ 3 are given in the Table 5 . It is easy to check that for L 3 , S, S 1 , S 2 and S X , the U(1) I 3R charges are zero; for H u and X 1 , the U(1) I 3R charges are 1/2; and for H d , R u 3 and X 2 , the U(1) I 3R charges are −1/2.
From the following trilinear term in the 7D bulk action 18) we obtain the Yukawa terms (5.19) Because the U(1) ′ gauge symmetry can be broken at the GUT scale, the extra particles X 1 , X 2 and S X can become very heavy after it is broken. For simplicity, we do not consider the R symmetry here. To give the masses to X 1 and X 2 , on the 3-brane at z = 0 and y = 0, we introduce three 3-brane localized fields S, X 1 and X 2 with respectively quantum numbers (1, 1) (−1,0,0,0) , (1, 2) (1,−1,1,−9) and (1, 2) (0,2,0,0) under the SU(4) × SU(2) L × U(1) ′ × U(1) α × U(1) β × U(1) γ gauge symmetry. After S gets VEV, the fields (X 1 , X 1 ) and (X 2 , X 2 ) can obtain the vector-like masses through the following 3-brane localized superpotential (5.20) Similarly, S X can also become very heavy. In short, after the U(1) ′ gauge symmetry is broken, we can have the relevant superpotential (5.21) Similar to the previous Section, the down-type partial unification can be obtained just by flipping the sign of T I 3R .
6 Numerical Studies for Coupling Unifications
Predictions for the NMSSM Couplings
As was pointed out, below the compactification scale we can have only the NMSSM-like particle content in Higgs sector: H u and H d the SM Higgs doublets and S the SM singlet. The coupling λ for SH u H d is unified with the gauge couplings at the compactification scale. When the bulk gauge symmetry is extended, extra SM singlets, S 1 and S 2 , can also be included in the massless modes below the compactification scale and form a singlet trilinear coupling. Therefore, when a bulk gauge symmetry with an enough large rank is considered, the NMSSM superpotential,
is naturally generated from the bulk gauge interaction. Assuming that the compactification scale and gauge coupling unification scale (M GU T ) are the same in the unified models, we have the following condition,
Due to a crucial reduction of the number of the fundamental parameters from the gaugetrilinear Higgs coupling unification, we are lead immediately to a series of the very distinctive predictions (in absence of any large supersymmetric threshold corrections). Using the values of the electroweak parameters sin 2 θ W = 0.23120 ± 0.00015 and 1/α EM = 127.918 ± 0.018 in MS scheme at M Z scale [26] , we can determine the unification scale and the unified coupling constant. Then, evolving the remaining couplings from the unification scale to the low energy, we predict κ and λ as functions of tan β (see Fig. 1 ) where tan β ≡ H 0 u / H 0 d . In our numerical calculations, we have used the one-loop RGEs for κ and λ and two-loop RGEs for Yukawa and gauge couplings [27] dα 9) where t is the log of renormalization scale, α i = g 2 i /(4π), α t,b,τ = y 2 t,b,τ /(4π), α λ = λ 2 /(4π), α κ = κ 2 /(4π), and bracket [ ] MSSM denotes the corresponding two-loop RGEs in the MSSM. The λ coupling depends on tan β, while the κ coupling less depends on tan β and is predicted to be from 0.5 to 0.55. For large tan β, the λ coupling at low energy is sensitive to the running bottom-tau Yukawa couplings. In Fig. 1 , we neglect the possible large supersymmetry threshold corrections to bottom quark mass.
Since the value of λ constant at low energy scale is predicted, we can calculate upper bound on the lightest CP-even neutral Higgs mass. We use the following analytic formula which includes full one-loop and the dominant two-loop top/stop corrections [28] :
where t = log(M 2 S /m 2 t ), v = 174 GeV is the usual SM Higgs VEV, and 11) whereÃ t = A t − µ cot β is the top squark mixing parameter and µ is the supersymmetric Higgs mass parameter. The supersymmetric scale, M 2 S = (M 2 t 1 + M 2 t 2 )/2, is the average of the two stop squared-masses. Them t is the running top quark mass atm t in MS scheme. In Figure 1 : The Higgs trilinear couplings λ and κ (red and blue lines respectively) versus the tan β. We use top quark mass to be 178 GeV.
our calculations, we use the top quark pole mass m t = 178 GeV, and M S = 1 TeV. From the Eq. (6.11), we can see that the maximal value for X t is X t = 6, and we use this value to calculate the lightest CP-even Higgs mass upper bounds in various models presented in Fig. 2. 
Predictions for Yukawa Coupling Constants
Yukawa couplings for quarks and leptons in the third generation can be unified with the gauge couplings at compactification scale in the context of gauge-Higgs unification. The gauge-Yukawa (for top-bottom-tau) unification,
is studied in Ref. [15] . The solid prediction of those coupling unification is tan β. As long as the unification condition, Eq. (6.12), is satisfied within 5% at unification scale, the tan β is predicted as tan β = 52 ± 1 when the supersymmetry threshold corrections for tau mass is within a few percents. The predictions of quark masses depend on the low energy supersymmetry threshold corrections. Inputting the experimental data for the SM fermion masses, m τ = 1.777 GeV and m b (m b ) = 4.26 GeV (central values from recent lattice calculation) in MS scheme [26] , the threshold corrections to the bottom quark mass should be less than several percents. Since the finite corrections to the bottom quark mass is proportional to tan β, the threshold corrections, Figure 2 : We present the upper bounds on the lightest CP-even Higgs mass in various models: green dashed line corresponds to the general NMSSM case, the blue dash-dotted line corresponds to the MSSM, and the red solid line corresponds to our model. could be 50% when the superparticles' masses are about the same. However, there exists the cancellation between gluino mass Mg and trilinear scalar coupling for stop A t . Such cancellation is needed if we consider the top-bottom-tau Yukawa unification [3] . Although the detail prediction of top quark mass depends on the supersymmetric threshold corrections, the top quark mass prediction is in good agreement with experiment.
We also present the evaluation of RGEs for the gauge couplings, Yukawa couplings for the third family, and Higgs trilinear couplings κ and λ with unification condition at GUT scale in Fig. 3 . In those figures, we include the standard supersymmetric threshold corrections at low energy by taking a single scale M SU SY = M Z [29] . Fig. 3(a) shows the coupling unification in the up-type partial unification. In this case, the figure is shown for small tan β (tan β ≃ 2 − 15) and then the bottom and tau Yukawa couplings are small. The neutrino Dirac Yukawa coupling evolution is also included above the right-handed neutrino Majorana mass scale, which is assumed to be 10 14 GeV. In Fig. 3(b 14) more coupling unification predicts the less top quark mass. We show the prediction of top quark mass in Fig. 4 . In the figure, we assume that the couplings (g 1 , g 2 , and y t in the MSSM, and g 1 , g 2 , y t , λ, and κ in the NMSSM) in DR scheme are unified at the GUT scale. We When the supersymmetry mass parameters are set to be equal to a single scale M SU SY , the top quark mass prediction is insensitive to the M SU SY (when M SU SY > ∼ 200 GeV). However, the decoupling type threshold corrections (squarks for only the first and second generations are heavy) may give 1 -2% level corrections to top quark mass. Thus, the top quark mass prediction may have the uncertainties around ±3 GeV due to the threshold corrections when the superpartners are heavy.
Without λ coupling unification, the top quark mass prediction is larger than experimental value for the middle range of tan β. In this case, the small tan β ( < ∼ 3) is disfavored due to the lightest Higgs mass upper bound, while the large tan β (≃ 50), i.e., the gauge and top-bottomtau Yukawa unification, is favored for the experimental value of the top quark pole mass. On the other hand, in the case that λ coupling is also unified to the gauge and top quark Yukawa couplings tan β ∼ 5 can be a solution (In this case, the lightest Higgs mass upper bound is around 128 GeV.). Yukawa and gauge coupling unification. Conceptually, the up-type partial unification is very good since it explains why the top quark mass is the heaviest among the SM fermions naturally.
Discussions and Conclusions
We have studied various possible coupling unifications in the gauge-Higgs unification and gauge-Higgs-matter unification. The gauge-Higgs unification in higher-dimensional supersymmetric models naturally leads to the unification of the gauge and Yukawa couplings. In fact, the gauge and Yukawa coupling unification is naturally realized when the grand unification is considered in higher-dimensional supersymmetric models. One can also consider the gauge-Higgs unification in the context of the NMSSM. The trilinear coupling λSH u H d , which produces the µ-term, can naturally be generated from the bulk interaction in the simple choice of bulk gauge symmetries. When large enough bulk gauge symmetries are considered, the singlet trilinear coupling, κSS 1 S 2 , can also be included in the bulk interaction. The λ and κ couplings at low energy can be calculated by RGE evolution, and thus we expect that the prediction will be tested in the future collider experiments. We constructed the SU (8) and SU(9) models, which can realize the unification of the NMSSM Higgs trilinear couplings, Yukawa couplings, and gauge couplings. We can select which Yukawa couplings (up-type or down-type) are unified with the gauge and Higgs trilinear couplings by the choice of bulk gauge symmetries and orbifold boundary conditions. The uptype partial unification is very attractive since it naturally explains why the top quark is the heaviest fermion. The predictions can be in very good agreement with experimental observation of the SM fermion masses. Among them, there are two interesting regions allowed by the top quark mass. One is the top-bottom-tau and gauge unification which predict tan β = 52 ± 1. In this case, the bottom quark finite corrections should be at several percent level, and thus the supersymmetry breaking parameters should be adjusted. Another one is the λ in the NMSSM, the top Yukawa and gauge coupling unification. In the latter case, tan β can be around less than 5 in compatible with the current experimental lightest neutral Higgs mass upper bound. The lightest Higgs mass upper bound is around 128 GeV when the supersymmetry breaking mass scale is 1 TeV, and thus the models will be tested at the upcoming Large Hadron Collider.
x 5 and x 6 . The radii for the circles along the x 5 and x 6 directions are R 1 and R 2 , respectively. We define the complex coordinate z ≡ 1 2
x 5 + ix 6 .
(A.1)
In the complex coordinate, the torus T 2 can be defined by C 1 moduloing the equivalent classes:
To define T 2 /Z 6 orbifold, we require that R 1 = R 2 ≡ R and θ = π/3. The T 2 /Z 6 orbifold is obtained from T 2 by moduloing the equivalent class
where ω = e iπ/3 . There is one Z 6 fixed point z = 0, two Z 3 fixed points: z = πRe iπ/6 / √ 3 and z = 2πRe iπ/6 / √ 3, and three Z 2 fixed points: z = √ 3πRe iπ/6 /2, z = πR/2 and z = πRe iπ/3 /2. The N = (1, 1) supersymmetry in 6D has 16 supercharges and corresponds to the N = 4 supersymmetry in 4D, thus, only the gauge multiplet can be introduced in the bulk. This multiplet can be decomposed under the 4D N = 1 supersymmetry into a vector multiplet V and three chiral multiplets Σ 1 , Σ 2 , and Σ 3 in the adjoint representation, where the fifth and sixth components of the gauge field, A 5 and A 6 , are contained in the lowest component of Σ 1 .
We write down the bulk action in the Wess-Zumino gauge and 4D N = 1 supersymmetry language [25] The above action is invariant under the following orbifold transformation conditions:
where we introduce the non-trivial action on the gauge space, R, which can break the bulk gauge group G down to H on the Z 6 fixed points. To keep the 4D N = 1 supersymmetry, we need m = 0 or m = 1 [24] .
Under the orbifold conditions, any bulk fields have Z 6 charges, such as φ(x µ , ωz, ω −1z ) = ω a φ(x µ , z,z) . (A.9)
The bulk field with a = 0 vanishes at the fixed point, and then does not have massless mode. On the other hand, the bulk field with a = 0 contains zero-mode in 4D. By introducing non-trivial R, the bulk vector multiplet is decomposed as the following in the matrix presentation: .
(A.11) Therefore, the trilinear coupling constants for the normalized scalar fields, √ 2Σ
(ij)
i , are the same as the gauge coupling constants in the conventional definition (k = 1/2).
